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We study the two-photon detection amplitude of the down-converted beams in spontaneous para-
metric down-conversion when the physical variable of orbital angular momentum is involved, taking
into account both conservation and non-conservation of angular momentum. Agreeing with ex-
perimental observations, our theoretical calculation shows that spatial structure of the two-photon
detection amplitude of the down-converted beams carries important information about conservation
or non-conservation of orbital angular momentum in spontaneous parametric down-conversion.
PACS numbers: 42.50.Ar,42.50.Ct,42.65.-k
I. INTRODUCTION
The topic whether orbital angular momentum (OAM)
is conserved in spontaneous parametric down-conversion
(SPDC) has been studied for many years [1, 2, 3, 4, 5, 6].
Conservation of OAM in the SPDC process has been
theoretically attributed to phase matching [4], trans-
fer of plane-wave spectrum from pump beam to down-
converted beams [5], or to collinear geometry [6]. How-
ever, according to quantum mechanics, the conserva-
tion of angular momentum (AM) arises from the rota-
tional symmetry of the Hamiltonian describing the stud-
ied physical process. Recently, experimental evidence [7]
has been found which shows that AM non-conservation
can occur in SPDC process due to spatial asymmetry of
the Hamiltonian.
It can be theoretically shown [5], under the paraxial
approximation, that OAM is conserved in the SPDC pro-
cess for thin non-linear media if one assumes that the
two-photon detection amplitude (the definition follows
soon) in the SPDC process reproduces the pump beam
transverse profile. This assumption could be invalid in
type-II SPDC process where OAM non-conservation was
observed [7], which stimulated our study presented here.
The two-photon detection amplitude in the SPDC pro-
cess has been extensively explored both theoretically
[8, 9, 10, 11, 12] and experimentally [10, 12, 13] without
considering the physical variable of OAM. More works
have been published on the same topic when non-zero
OAM is concerned [4, 5, 6, 14, 15, 16]. Further inspec-
tion shows that all these works implicitly assume rota-
tionally symmetric Hamiltonian for the SPDC process,
which is intrinsically related to AM conservation. We
investigate the cases where both OAM conservation and
OAM non-conservation are taken into account.
We follow Arnaut and Barbosa [2, 18] in our theoretical
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FIG. 1: The vector of OAM J in arbitrarily chosen coordi-
nates. θ and φ are the polar angle and the azimuthal angle,
respectively.
treatment. As one will see, there is an essential difference
between the notations in [2, 18] and those used in [4, 5, 6].
II. STATE OF SINGLE BEAM OF LIGHT
WITH NON-ZERO OAM
In most theoretical works involving the variable of
OAM [4, 5, 6, 15], coordinates were chosen such that the
z-axis is along the direction of the OAM carried by the
light beam under study for convenience. We consider the
general case where the coordinates are arbitrarily chosen
(Fig. 1).
When the conservation of a vector is concerned, one
should always break the vector into components, for ex-
ample, along x, y, and z-axes. The conservation of the
vector means all these components are conserved. If one
of the components is not conserved, the vector is said
to be non-conserved. The same argument applies to the
cases of OAM (non-)conservation in the SPDC process.
To exam whether the OAM is conserved along the
pump propagation direction (z-direction) in the SPDC
process, one needs to theoretically describe the state of
the down-converted light beams that carry OAMs, the
z-components of which are, say J iz and J
s
z .
2An elegant approach exploiting orbital Poincare´
spheres to study this general case was provided in [17],
where the z-component of OAM carried by photons is,
however, not guaranteed to be integer times ~. We quan-
tize the studied field along z-axis. In quantum theory, the
eigenstate of the orbital angular momentum operator Jˆz
can be found by solving the eigenvalue equation
Jˆz |ψ(t)〉 = α|ψ(t)〉,
which leads to a solution for a one-photon field in free
space as follows [2],
|ψl(t)〉 =
∫
d3k g(k, t)eilφk aˆ†(k)|0〉, (1)
where α = l~ is the z-component of the OAM carried
by the photon (l is any integer), and φk the azimuthal
angle of the wave vector k. The g(k, t) is a function
independent of the azimuthal angle φk and, therefore, can
be written in the form g(kρ, kz, t), where kρ =
√
k2 − k2z
is the amplitude of the transverse component kρ of k.
The aˆ†(k) is the photon creation operator. One notes
that the freedom of the field polarization is neglected and
emphasizes that the l~ in Eq. (1) has a physical meaning
(OAM along the z-axis) that is essentially different from
what means by the same notation in [4, 5, 6], where the
l~ represents the OAM carried by photons along the axes
dictated by the signal, idler, or pump central vectors.
The one-photon detection amplitude ϕl1(r) ≡
〈0|Eˆ(+)(r)|ψl(t)〉, where Eˆ(+)(r) = ∫ d3kCkaˆ(k)eik·r
[aˆ(k) is the annihilation operator, Ck is a coefficient that
depends on the amplitude of k = |k|], for the one-photon
field in the eigenstate of the operator Jˆz is
ϕl1(r) =
∫
d3k h(kρ, kz, t)e
ilφkeik·r,
where h(kρ, kz, t) = g(kρ, kz , t)Ck. In a plane (z = z0)
transverse to the z-axis, the one-photon detection ampli-
tude will be
ϕl1(~ρ) =
∫
d2kρ h(kρ, t)e
ilφkρ eikρ·~ρ, (2)
where φkρ = φk, and h(kρ, t) =
∫
dkzh(kρ, kz, t)e
ikzz0 .
Now we show that |ϕl1(kρ)| is azimuthally symmetric, i.e.,
it is invariant under the operation of rotation around the
z-axis (azimuthal rotation) defined as Rˆ : ~ρ→ ~ρ ′ = Rˆ~ρ,
where ρ = ρ′ and φρ′ = φρ + δφ.
Under the operation Rˆ, the function ϕl1(~ρ) is trans-
formed into a new one: ϕ′
l
1(~ρ) = ϕ
l
1(Rˆ
−1~ρ) =∫
d2νh(ν)eilφν ei~ν·(Rˆ
−1~ρ). Given that ~ν ·(Rˆ−1~ρ) = (Rˆ~ν)·~ρ,
ϕ′
l
1(~ρ) =
∫
d2νh(ν)eilφν ei(Rˆ~ν)·~ρ. With the integral vari-
able ~µ ≡ Rˆ~ν (µ = ν and φµ = φν + δφ), ϕ′l1(~ρ) =
e−ilδφ
∫
d2µh(µ)eilφµei~µ·~ρ = e−ilδφϕl1(~ρ) [please note that
h is independent of the azimuthal angle, i.e., h(ν) =
h(µ)], which means invariant modulus for ϕl1(~ρ) under
the rotational operation: |ϕ′l1(~ρ)| = |ϕl1(~ρ)|.
It can be further shown, in a general case, that the
one-photon detection amplitude
ϕl1(~ρ, ~ρ0) =
∫
d2kρ h(kρ, t)e
ilφkρ eikρ·(~ρ−~ρ0) (3)
is azimuthally symmetric around the center point ~ρ0 that
may be a function of z0. ϕ
l
1(~ρ, ~ρ0) can be obtained from
ϕl1(r) by coordinate transform of r→ r− ~ρ0(z) and that
~ρ0(z) represents a curve that is comprised of points where
the centers of ϕl1(~ρ, ~ρ0) are located.
III. STATE OF DOWN-CONVERTED
TWIN-BEAMS IN SPDC PROCESS
For type-I SPDC process, where the OAM conserva-
tion rule holds [3], the state vector of the down-converted
light is calculated in [2] to the first order approximation.
Here we consider the general case, in which the OAM
conservation may be violated in the SPDC process.
Assuming a classical pump beam, two down-converted
modes, signal and idler, which are initially empty, and
linear polarization for all involved light beams, the
Hamiltonian describing the non-linear process of SPDC
in the interaction picture is [2]
HˆI =
∫
d3ksd
3kil
(∗)
E (ωks)l
(∗)
E (ωki)aˆ
†(ks)aˆ
†(ki)e
i(ωks+ωki )t
χijn(eks)
∗
j (eki)
∗
n
∫
VI
d3rEi(r, t)e
−i(ks+ki)·r +H.c. , (4)
where VI is the non-linear interaction volume, l
(∗)
E (ωk) =
−i
√
~ωk/2ε(k), eks,i are unit vectors representing the
linear polarizations of the down-converted modes, and
E(r, t) is the electrical field associated with the pump
beam. Subscripts s and i indicate signal and idler and
are completely interchangeable for degenerate cases. A
Laguerre-Gaussian pump beam is assumed propagating
along zˆ with the principal component polarized along xˆ
3in cylindrical coordinates [2]
E(ρ, φ, z; t) ≡ ψlp(r)ei(kpz−ωpt)xˆ = Alp√
1 + (z2/z2R)
[√
2ρ
w(z)
]l
Llp
[
2ρ2
w2(z)
]
exp
[
i
kpρ
2
2q(z)
]
eil tan
−1(y/x)exp
[−i(2p+ l + 1) tan−1(z/zR)] ei(kpz−ωpt)xˆ , (5)
where zR is the Rayleigh length, w(z) = w0
√
1 + z2/z2R,
w0 is the beam radius at the waist z = 0. q(z) = z− izR,
and ρ =
√
x2 + y2. To the first order approximation, the
state vector of the down-converted light beams reads [2]
|ψ(t)〉 = |0〉+
∫
d3ks
∫
d3kiAks,kil
(∗)
E (ωks)l
(∗)
E (ωki)T (∆ω)ψ˜lp(∆k)aˆ
†(ks)aˆ
†(ki)|0〉 , (6)
where
Aks,ki = Alpχ1jm[(eks)
∗
j (eki)
∗
m + (eki,i)
∗
j (eks,s)
∗
m],
T (∆ω) = exp[i∆ω(t − tint/2)] sin(∆ωtint/2)/(∆ω/2) is
the time window function defining the ∆ω range given
the interaction time tint, ∆ω = ωks + ωki − ωp, ∆k =
ks+ki−kp, and ψ˜lp(∆k) =
∫
VI
d3rψlp(r)exp(−i∆k · r).
Under the usual conditions that the non-linear medium
is centered on the z axis, the average radius of the beam
is small compared to the transverse section of the non-
linear medium and that the crystal length is smaller than
the Rayleigh range zR of the pump beam, one has [2]
ψ˜lp(∆k) = BlpW (∆kz)φlp(kρ,s, kρ,i, φs, φi)
l∑
n=0
(
l
n
)
(kρ,s)
n(kρ,i)
l−neinφsei(l−n)φi , (7)
where Blp = (zRπ/k
l+1
p )(
√
2zR/w0)
lexp[−π2 i(1 − l − p)]2p−l+1, z0 is the position of the center of the non-linear
medium, W (∆kz) = exp(−i∆kzz0)[sin(∆kzl/2)/(∆kz/2)], l is the medium length, kρ,s and kρ,i are amplitudes of the
transverse components kρ,s and kρ,i of the wave vectors, and
φlp(kρ,s, kρ,i, φs, φi) = L
l
p
(
zR
kp
ρ2k
)
exp
(
− zR
2kp
ρ2k
)
exp
(
−i z0
2kp
ρ2k
)
, (8)
where
ρk ≡ |∆kx +∆ky | =
√
k2ρ,s + k
2
ρ,i + 2kρ,skρ,i cos(φs − φi) , (9)
where φs and φi are the azimuthal angles of the trans-
verse wave vectors kρ,s and kρ,i, respectively. It is well
known that, in the type-I case, the down-conversion is a
single-ring pattern, which has azimuthally spatial sym-
metry [Fig. 2(a)]. Accordingly, the amplitudes kρ,s and
kρ,i are independent of φs and φi. Then ρk is a function
of φs − φi and φlp(kρ,s, kρ,i, φs, φi) can be expanded in
terms of φs−φi as given by Eq. (15) in [2]. However, the
azimuthal symmetry may not always exist in the SPDC
process, an example of which is the type-II SPDC [Fig.
2(b)]. In this case, kρ,s and kρ,i are dependent of φs and
φi, respectively. As a consequence, Eq. (15) of [2] should
be replaced with a more general expansion as follows:
φlp(kρ,s, kρ,i, φs, φi)(kρ,s)
n(kρ,i)
l−n =
∞∑
ms,mi=−∞
Gms,mi,nlp e
−i(msφs−miφi) , (10)
4where Gms,mi,nlp is a coefficient that does not depend on φs or φi. Substituting Eq. (7) and Eq. (10) into Eq. (6), one
arrives at
|ψ(t)〉 =
∫
d3ks
∫
d3kiBlpAks,kil
(∗)
E (ωks)l
(∗)
E (ωki)T (∆ω)W (∆kz)
l∑
n=0
∞∑
ms,mi=−∞
Gms,mi,nlp
(
l
n
)
ei(n−ms)φsei(l−n+mi)φi aˆ†(ks)aˆ
†(ki)|0〉 , (11)
where the vacuum term is dropped. The physical mean-
ing of the n − ms and l − n + mi here is that the z-
component of the OAM carried by each signal or idler
photon is (n − ms)~ or (l − n + mi)~ [2]. So, the to-
tal OAM carried by a pair of down-converted photons is
ls+i~ = (n−ms)~+(l−n+mi)~ = (l−ms+mi)~. It is ap-
parent that the OAM is conserved along the z-axis in the
SPDC process if and only if ms = mi. So the two-photon
detection amplitude of the down-converted beams carries
information about whether the OAM is conserved in the
SPDC process.
Similar to the definition of the one-photon detection
amplitude, the two-photon detection amplitude is defined
as ϕ2(rs, ri) ≡ 〈0|Eˆ(+)s (rs)Eˆ(+)i (ri)|ψ(t)〉, which can be
calculated for the case of the SPDC process with Eq.
(11).
ϕ2(rs, ri) =
∫
d3ksd
3ki
l∑
n=0
∞∑
ms,mi=−∞
Fms,mi,nlp (ks,ki)e
i(n−ms)φs+i(l−n+mi)φiei[ks·(rs−~ρ0,s)+ki·(ri−~ρ0,i)] ,
where
Fms,mi,nlp (ks,ki) = CksCkiAks,ki l
(∗)
E (ωks)l
(∗)
E (ωki)BlpT (∆ω)W (∆kz)G
ms,mi,n
lp
(
l
n
)
,
and ~ρ0,s, ~ρ0,i are the transverse coordinates of the centers of the transverse profiles of the signal and idler modes. The
transverse profile of ϕ2(rs, ri) can be obtained by setting zs = z0,s, zi = z0,i, which leads to
ϕ2(~ρs, ~ρi) =
∫
d2kρ,sd
2kρ,i
l∑
n=0
∞∑
ms,mi=−∞
Hms,mi,nlp (kρ,s,kρ,i)
ei(n−ms)φs+i(l−n+mi)φiei[kρ,s·(~ρs−~ρ0,s)+kρ,i·(~ρi−~ρ0,i)] , (12)
where Hms,mi,nlp (kρ,s,kρ,i) =
∫
dkz,sdkz,iF
ms,mi,n
lp (ks,ki)e
i(kz,sz0,s+kz,iz0,i).
In the degenerate case, we have approximately kρ,s +
kρ,i ≈ 0 (kρ,s ≈ kρ,i and φs ≈ φi + π), which can
be justified by plugging regular experimental parameters
(Rayleigh range ZR ≫1cm and lp ≈ 5 for pump beam)
into Eq. (13) and Eq. (16) of [18]. Applying these ap-
proximations in the form of δ(kρ,s + kρ,i) to Eq. (12),
one obtains
ϕ2(~ρs, ~ρi) = e
−i(l−n+mi)π
∫
d2kρ,s
l∑
n=0
∞∑
ms,mi=−∞
Hms,mi,nlp (kρ,s,−kρ,s)ei(l−ms+mi)φseikρ,s·(~ρs−~ρi−~ρ0,s+~ρ0,i) . (13)
Now suppose that one fixed point detector is located at ~ρ0,i in the idler beam while another detector is located
5on the signal side to measure the two-photon detection
amplitude of the down-converted beams. After simple
mathematical manipulation, one arrives at
ϕ2(~ρs, ~ρ0,i) = e
−i(l−n+mi)π
∞∑
m=−∞
∫
d2kρ,sG
m
p (kρ,s)e
imφseikρ,s·(~ρs−~ρ0,s) , (14)
where Gmp (kρ,s) =
l∑
n=0
∞∑
ms=−∞
Hms,m−l+ms,nlp (kρ,s,−kρ,s), and m = l−ms+mi. m~ represents the total OAM along
z-axis carried by a pair of down-converted photons.
If the dependence of the term Aks,ki and the refractive
indices on the wave vectors is negligible, then Gmp (kρ,s) is
independent of the azimuthal angle φs of the wave vector
kρ,s. According to Eq. (3), the two-photon detection
amplitude of the down-converted beams can be further
written as
ϕ2(~ρs, ~ρ0,i) = e
−i(l−n+mi)π
∞∑
m=−∞
ϕm1 (~ρs, ~ρ0,s) , (15)
where ϕm1 (~ρs, ~ρ0,s) =
∫
d2kρG
m
p (kρ)e
imφeikρ·(~ρs−~ρ0,s), φ
is the azimuthal angle of kρ. Neglecting the overall
phase factor, Eq. (15) shows that the transverse pro-
file of the two-photon detection amplitude of the down-
converted beams, in general, equals the sum of one-
photon detection amplitudes of light beams that carry
OAMs [m~ = (l −ms +mi)~ per photon along z-axis].
As pointed out in previous context, whether OAM is con-
served can be justified by the value of m = l−ms +mi.
So, Eq. (15) reveals whether the OAM is conserved or
not in the SPDC process. This is the major discovery in
our theoretical analysis presented here.
The simplest case is that the OAM is conserved in
the SPDC process, i.e., ms = mi. Then ϕ2(~ρs, ~ρ0,i) =
e−i(l−n+mi)πϕl1(~ρs, ~ρ0,s). This shows that |ϕ2(~ρs, ~ρ0,i)|
possesses the same azimuthal symmetry as |ϕl1(~ρs, ~ρ0,s)|,
which is, according to Section II, azimuthally symmet-
ric around point ~ρ0,s . In the case of small polar angle,
a light beam carrying OAM (m~ per photon along z-
axis) approximately has a Laugerre-Gaussian (LG) pro-
file, which can be transformed into a Gaussian one with
an appropriately chosen holographic mask (-m)[3]. So
does ϕ2(~ρs, ~ρ0,i) with a holographic mask (-l) when the
OAM is conserved, which agrees with experimental ob-
servations (Fig. 3).
Now we consider the case of OAM non-conservation
in the SPDC process. Assuming that ms 6= mi, but
m = l − ms + mi has a fixed value, say ma. Then
only one term in Eq. (15) is non-zero: ϕ2(~ρs, ~ρ0,i) =
e−i(l−n+mi)πϕma1 (~ρs, ~ρ0,s), where ma 6= l. In this case,
the two-photon detection amplitude still has a trans-
verse profile that possesses azimuthal symmetry around
point ~ρ0,s, which means that azimuthal symmetry pos-
sessed by the two-photon detection amplitude is only
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FIG. 2: Catoons showing typical down-conversion patterns of
SPDC processes. (a) Down-conversion pattern of the type-I
SPDC process, which is azimuthally symmetric. The ampli-
tudes kρ,s (kρ,i) of the transverse components kρ,s (kρ,i) of the
wave vectors are independent of the azimuthal angles φs (φi).
(b) Down-conversion pattern of the type-II SPDC process,
which is azimuthally asymmetric. The amplitudes kρ,s (kρ,i)
of the transverse components kρ,s (kρ,i) of the wave vectors
are functions of the azimuthal angles φs (φi).
a necessary condition for the OAM to be conserved in
the SPDC process. Nevertheless, ϕ2(~ρs, ~ρ0,i) cannot be
transformed into a Gaussian profile with a -l holographic
mask . Instead, one needs a different mask (-ma) to do
the transformation. We call this case as type-A OAM
non-conservation.
More generally, m = l − ms + mi may not have a
fixed value. Then ϕ2(~ρs, ~ρ0,i) is a mixture of many
terms: e−i(l−n+mi)π
∑
m
ϕm1 (~ρs, ~ρ0,s), which does not have
azimuthal symmetry around ~ρ0,s. The transverse profile
of the two-photon detection amplitude is more compli-
cated that the type-A case and can never be transformed
into a Gaussian one with any holographic mask (-n, n
is any integer). We name this case as type-B OAM non-
conservation.
IV. CONCLUSION
We theoretically show that the two-photon detection
amplitude of the down-converted beams in the SPDC
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FIG. 3: (color online) Transformation of the transverse profile
of the two-photon detection amplitude of the down-converted
beams in the SPDC process with holographic masks. (Left)
The transverse profile of the two-photon detection amplitude
of the down-converted beams in type-I SPDC process, where
the OAM is conserved [3], with pump beam carrying non-zero
OAM (l~ per photon along z-axis, l = 2). (Right) Trans-
formed transverse profile, which is two-dimensionally Gaus-
sian according our data-fitting results, of the two-photon de-
tection amplitude with a holographic mask (l = −2).
process carries information about whether the OAM is
conserved or how the conservation is violated in the non-
conservation cases. We find that azimuthal symmetry
in transverse profile possessed by the two-photon detec-
tion amplitude is a necessary condition for the OAM to
be conserved in the SPDC process. In other words, az-
imuthal asymmetry of the two-photon detection ampli-
tude is a sufficient condition for OAM non-conservation.
With the help of appropriately chosen holographic masks,
one can tell whether the OAM is conserved with certainty
when the polar angle is small. If the OAM conservation is
violated, one can also use holographic masks to do anal-
ysis to find out which type of OAM non-conservation
it belongs to. This work was supported in part by the
Quantum Imaging MURI funded through the U.S. Army
Research Office.
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